A theory is presented for bulk and surface spin waves in a stacked triangular antiferromagnet with ferromagnetic interlayer coupling. The method exploits triangular symmetry of the system through properties of block-tridiagonal matrices. A theory is developed for spin-wave dispersion relations of a semi-infinite frustrated system as well as for thin films. The influence of surface exchange and anisotropy parameters on surface and bulk spin-wave energies is discussed. The method is applied to obtain numerical results for RbFeCl 3 and CsCuCl 3 .
I. INTRODUCTION
Currently there is considerable interest, both theoretical and experimental, on the influence of surfaces on the static and dynamic properties of magnetic materials in reduced dimensions. The magnetic properties of atoms located at surfaces or interfaces can be considerably different from those of atoms within the bulk of the material and interesting new physical phenomena can emerge. 1, 2 Understanding the surface properties of magnetic materials is essential for the development of higher density magnetic storage devices and magnetic sensors that are based on multilayer thin film technology. Numerous experimental techniques including inelastic light scattering and spin-wave resonance have been employed for many years to investigate the properties of longwavelength spin waves near surfaces. 3, 4 More recently, spinwave dispersion in ultrathin ferromagnetic films has been measured up to the edge of the surface Brillouin zone using spin-polarized electron energy loss spectroscopy ͑SPEELS͒. 5, 6 The theory of surface spin waves in semiinfinite ferromagnets and antiferromagnets ͑with a single surface͒ has been investigated by several authors. [7] [8] [9] [10] [11] Theoretical techniques developed for semi-infinite systems have been generalized to investigate the spin dynamics in magnetic thin films. 12, 13 The effects of magnetically frustrated surfaces on thin films have recently been investigated using Monte Carlo simulations and Green function techniques. 14 The properties of magnetic excitations at the surface of a geometrically frustrated lattice are investigated here using a spin operator formalism.
Magnetically frustrated spin systems are typically characterized with a highly degenerate ground state and are known to exhibit novel physical phenomena. 15, 16 In the present work the effect of surfaces on the excitation spectrum of a stacked triangular antiferromagnet with easy-plane anisotropy is examined. The spin-wave dispersion relation is obtained for a semi-infinite system and the calculations are generalized to investigate the excitation spectra in finite-thickness lattices. Geometrical frustration within any particular layer is due to the triangular arrangement of antiferromagnetically coupled spins and results in a three-sublattice 120°magnetic order.
Simple hexagonal stacking of layers results in no interlayer frustration. In the present work we consider ferromagnetic interaction between the interlayer spins. The technique may be readily extended to the antiferromagnetic case and to frustrated systems with easy-axis anisotropy. Some comments concerning the extension of the model to other magnetically frustrated spin systems are given later.
Linearized spin-wave theory was applied to a 2D triangular antiferromagnet with easy-plane anisotropy using a boson representation for the spin operators. 17 A recent application of the 2D model has been successful for analyzing the spin dynamics in the hexagonal magnetoelectic compound HoMnO 3 . 18 Neutron scattering techniques have been employed to investigate the magnetic order and properties of bulk excitations in many frustrated systems. 19, 20 The bulk spin wave dispersion relation has been calculated using a wide variety of theoretical techniques. [21] [22] [23] [24] Surface modes in a frustrated system are inherently different than the previously studied cases because the surface will contain spins belonging to all three sublattices, whereas in ferromagnets ͑or simple cubic antiferromagnets͒ the surface contains spins belonging to only one ͑two͒ sublattice. In this study, surface and bulk dispersion relations are deduced using an operator equation of motion formalism. The equations of motion for the spin operators at each crystal site are formulated and the system of coupled equations is expressed in matrix form. Spin-wave modes are obtained by solving a determinantal condition. The approach used here extends the matrix inversion technique employed earlier for spin waves in twosublattice antiferromagnetics. 11, 13, 25 In Sec. II the microscopic Hamiltonian is described and the spin-wave dispersion relation for an infinite stacked triangular antiferromagnet is derived. In Sec. III the surface and bulk spin-wave spectra are obtained for a semi-infinite system, and in Sec. IV the approach is generalized to investigate excitations in frustrated thin films. Section V contains further discussions and the conclusions of our work.
II. HAMILTONIAN
The hexagonal lattice is characterized by the following spin Hamiltonian:
represents the ferromagnetic interlayer coupling between sites on the same sublattice. Here, nearest-neighbor couplings only are included. The effect of anisotropic exchange is accounted for through the parameters and Ј. The parameter D i describes the strength of the single-ion anisotropy, and here it is assumed that D i ജ 0 so that the spins lie in the planes perpendicular to the c axis. The 120°spin configuration of the classical ground state of this model is depicted schematically in Fig. 1 .
Following the approach used in previous studies, the lattice is divided into three sublattices A, B, and C, and sites on each sublattice are denoted with indices l, m, and n, respectively. Next, the Hamiltonian ͑1͒ is transformed to a local coordinate system such that the new z axis for each sublattice is in the direction of the spin alignment shown in Fig. 1 . The transformation for sites on the different sublattices may be written as
with =2 / 3. The bulk spin-wave dispersion relation may be obtained by forming the equation of motion for the operators S i ± using
where S i ± represent local spin deviation operators for sites on each sublattice defined as S i ± = S i xЈ ± iS i yЈ and H is the transformed Hamiltonian. The exchange terms on the right-hand side ͑rhs͒ of Eq. ͑3͒ involve the product of operators at different sites which are decoupled using the random-phase approximation ͑RPA͒. In the low-temperature limit ͑T Ӷ T N ͒ we assume ͗S i zЈ ͘ = S, where S is the spin quantum number. The terms arising from the single-ion anisotropy involve the product of operators at the same site and are decoupled using
The resulting homogeneous set of equations are transformed to a wave-vector representation and expressed in matrix form as Ab= 0, where A is a block-circulant matrix that may be written as 
where
The exchange integrals J͑k ʈ ͒ and JЈ͑k z ͒ are defined as
with a and c denoting the lattice constants. In writing Eqs. ͑4͒ and ͑5͒ we have assumed the usual time dependence exp͑−iEt͒, where E is the mode energy. Bulk spin-wave modes correspond to solutions of the determinantal condition det A = 0. The matrix A can be block diagonalized using the unitary transformation A = UDU † where
Planar view of the 120°Néel structure in a frustrated antiferromagnetic. The dark, striped, and shaded spins refer to sites on sublattices A, B, and C, respectively. The global coordinate system is also shown, where the z axis corresponds to the hexagonal c axis.
and 1 is a 2ϫ 2 unit matrix. The elements of D are defined as ⌳ ͑͒ = Ã + B exp͑i͒ + B * exp͑−i͒ ͑for =0, ±͒ and the spin-wave energies correspond to the solutions of det ⌳ ͑0͒ = 0, det ⌳ ͑͒ = 0, and det ⌳ ͑−͒ = 0. After some straightforward algebraic manipulations we write the bulk spin-wave energies as E 1 ͑k͒ = k ͑0͒, E 2 ͑k͒ = k ͑͒, and E 3 ͑k͒ = k ͑−͒, where
In the appropriate limits, the spin-wave energies reduce to previously obtained results. 17, 18 In Fig. 2 we plot the dispersion relations E 1 ͑k͒, E 2 ͑k͒, and E 3 ͑k͒ in the reduced and extended zone schemes. It is worth noting that the single mode E 1 ͑k͒ in an extended scheme will be equivalent to the three modes in a reduced scheme. The energy gap at the zone center for modes E 2 ͑k͒ and E 3 ͑k͒ ͓or equivalently for E 1 ͑4 /3,0,0͔͒ vanishes as D → 0.
III. SEMI-INFINITE STACKED TRIANGULAR ANTIFERROMAGNET
In this section the properties of surface spin waves in a semi-infinite stacked triangular antiferromagnet are examined. The system considered has a ͑001͒ surface and is illustrated schematically in Fig. 3 . Following the general approach used in previous works on semi-infinite systems, 9, 11 the layers are labeled using a positive index n͑=1,2,3, ...͒, where the surface layer corresponds to n = 1. The intralayer exchange and single-ion anisotropy parameters at the surface are allowed to differ from their respective bulk values. The intralayer exchange J i,j has the bulk value J everywhere except when both spins are on the surface layer where it has the value J 1 . Likewise, the magnitude of the anisotropy for spins on interior bulk layers ͑n Ͼ 1͒ is written as D whereas for spins occupying sites at the surface it is D 1 .
The spin-wave dispersion relations are obtained by forming the equations of motion for the operators S i ± ͑i = l , m , n͒, where i is a site within the semi-infinite medium. The equations of motion for sites on the surface layer ͑n =1͒ are different from those for interior bulk layers because sites at the surface interact with fewer interlayer neighbors and also because of the modified exchange and anisotropy parameters. In accordance with Bloch's theorem and the translational symmetry of the system in the xy plane, the equations of motion for the various spin deviation operators are transformed to a representation involving a two-dimensional wave vector k ʈ = ͑k x , k y ͒ which runs parallel to the surface and a layer index n. For example, for the lth site on sublattice A the wavelike solution for the spin operator is written as
where = ͑x , y͒ and the amplitudes S A,n ± ͑k ʈ ͒ depend on the z coordinate through the layer index n. Similar expressions are defined for sites on sublattices B and C. The compact notation S A,n ± ͑k ʈ ͒ϵS A,n ± is used below. The system of finite difference equations connecting the Fourier amplitudes may be expressed in supermatrix form as Mb = 0, where M is an ϱ ϫϱ block tridiagonal matrix defined as
and each element represents a 6 ϫ 6 matrix. The matrix elements of A are defined as in Eqs. ͑4͒-͑7͒ except now ⍀ =2S cos J͑0͒ − pSD − SJЈ͑0͒ and ␣ = pSD. The matrix A 1 has the same form as A except the elements are defined by
Also, the exchange dispersion J 1 ͑k ʈ ͒ is defined as in Eq. ͑7͒ but with J → J 1 . The 6 ϫ 6 matrix is a block diagonal matrix with each block given by
The infinite column vector b is defined as b
As in the bulk case, the equations may be partially decoupled by applying the transformation U † M i,j U to all the elements of M. This results into three linearly independent sets of equations which may be written in matrix form as ͑⌳ + ⌬ ͒X =0 ͑for =0, ±͒ where
͑14͒
The perturbation matrix ⌬ has a single nonvanishing 2 ϫ 2 element defined as
͑15͒
where ⌳ 1 ͑͒ is defined as
and the column vector is
Following the approach used in other surface studies, 9,11 the matrix ͑⌳ + ⌬ ͒ may be written as ⌳ ͑I + G ⌬ ͒, where I is the unit supermatrix and G = ⌳ −1 . This decomposition is particularly useful because the elements of G may be obtained analytically. The surface spin-wave modes correspond to the solutions of the determinantal condition
The elements of G are constructed following the approach used for simple cubic antiferromagnets. 11 The matrix −1 ⌳ ͑͒ is first diagonalized using the transformation
The elements of the supermatrix G may be written as
.
͑19͒
The complex quantities x 1 and x 2 are defined as
and satisfy ͉x 1 ͉ ഛ 1 and ͉x 2 ͉ ഛ 1. Because of the simple form of the perturbation matrix ⌬ , Eq. ͑17͒ reduces to the determinant of a 2 ϫ 2 matrix. Substituting Eq. ͑15͒ and ͑18͒ into Eq. ͑17͒, the determinantal condition becomes ͯI−Ṽͩ
The surface spin-wave modes are obtained by solving Eq. ͑21͒ along with the requirement that ͉x 1 ͉ Ͻ 1 and ͉x 2 ͉ Ͻ 1. The bulk spin-waves correspond to ͉x 1 ͉ = ͉x 2 ͉ = 1. Substituting x 1 = exp͑ik z c͒ ͓or x 2 = exp͑ik z c͔͒ in Eq. ͑20͒, where k z is the third wave-vector component, the bulk dispersion relation in Eq. ͑9͒ may be obtained by solving for E. As in the bulk case ͑see Fig. 2͒ , the spin-wave modes corresponding to the solutions of Eq. ͑21͒ with = ± can be obtained from those with = 0 by extending the range of wave vectors.
Figures 4 and 5 show the surface and bulk spin-wave dispersion relations in the S = 1 semi-infinite triangular antiferromagnet vs ͉k ʈ a͉. Here, the single-ion anisotropy at the surface is equal to the bulk value. In Fig. 4 wave vector is taken along the ͓100͔ direction whereas in Fig. 5 the wave vector is along the ͓010͔ direction. The dashed lines correspond to localized surface modes for different assumed values of the intralayer exchange J 1 at the surface. The bulk spin waves appear as an effective continuum in these plots with the upper and lower edges corresponding to k z c = and k z c = 0, respectively. All of the modes are degenerate in magnitude and only the positive-frequency solutions are shown. The case with J 1 = J ͑not shown͒ corresponds to a surface branch that appears just below the lower edge of the bulk region. The surface branches with J 1 Ͼ J ͑curves C and D͒ are truncated modes and only exist at certain values of the wave vector k ʈ . As in unfrustrated magnetic systems, the surface branches are found to be extremely sensitive to the values of exchange and anisotropy parameters at the surface. The surface branches located near the bulk continuum regions are deeply penetrating modes. In contrast, surface modes that are far from the continuum regions are more localized near the surface. The gapless spinwave excitation at k ʈ = 0 corresponds to the Goldstone mode. This uniform mode reflects the fact that there is no cost in energy in rotating the spin configuration depicted in Fig. 3 about the c axis.
The effect of the single-ion anisotropy on the surface spin-wave energy is depicted in Fig. 6 . The graph shows the energy of the surface mode at k ʈ = ͑4 /3,0͒ as a function of the surface anisotropy D 1 for different values of intralayer exchange J 1 . The bulk exchange and anisotropy parameters are JЈ = D = J = 1.0 ͑with = Ј =0͒ and the shaded area represents the lower edge of the bulk continuum. The energy gap of the surface mode remains finite when D 1 =0 ͑for D Ͼ 0 and JЈ Ͼ 0͒ because of the coupling between the spins in the surface layer and the interior bulk layers. The effects of the bulk anisotropy D on the surface spin-wave modes at k ʈ = ͑4 /3,0͒ are canceled at the critical value D 1 * Ϸ −0.62 and the system is effectively isotropic for these modes. Below the critical value the ground state configuration with the spins in the surface layers lying in the xy plane ͑as depicted schematically in Fig. 3͒ becomes unstable. This is analogous to the surface reorientation phase transition predicted in other anisotropic magnetic systems. 26 The critical value of the surface anisotropy D 1 is found to be independent of the surface exchange J 1 ͑as shown in Fig. 6͒ but depends strongly on the values of the bulk anisotropy D. The inset in Fig. 6 shows the critical surface anisotropy vs the bulk anisotropy for the case of JЈ = J = 1.0. In the absence of bulk anisotropy ͑D =0͒ the critical value of the surface anisotropy is D 1 * = 0, as expected.
IV. STACKED TRIANGULAR ANTIFERROMAGNETIC THIN FILM
The properties of surface and bulk spin waves in stacked triangular antiferromagnetic thin films may be investigated by extending the results of the previous section. For a film composed of N layers the system of finite difference equations may again be expressed in supermatrix form as Mb = 0 where M is now a 6N ϫ 6N block-tridiagonal matrix. As in the semi-infinite case the surface parameters for the antiferromagnetic exchange and single-ion anisotropy are allowed to differ from the bulk values. For layer n = N, the intralayer exchange is written as J N and the anisotropy as D N .
Following an approach similar to that described in Sec. III the transformation U † M i,j U is first applied to the elements of M. The resulting set of equations may be expressed as three linearly independent matrix equations as ͑⌳ + ⌬ ͒X =0 ͑for =0, ±͒ where ⌳ is now a 2N ϫ 2N matrix with elements defined as in Eq. ͑14͒ and the column vector is
The matrix ⌬ describing the perturbation due to the surfaces of the thin film has two nonvanishing 2 ϫ 2 blocks at the ends of the leading diagonal and may be written as 
͑23͒
The complex parameters x i ͑i =1,2͒ are defined as in Eq. ͑20͒ and satisfy ͉x i ͉ ഛ 1. The solution of Eq. ͑17͒ for a film composed of N layers reduces to solving the 4 ϫ 4 determinantal condition
The solutions of Eq. ͑24͒ will consist of surface modes corresponding to ͉x i ͉ Ͻ 1 and a set of quantized bulk modes with ͉x i ͉ =1 ͑i =1,2͒. In the limit of N → ϱ the elements of the matrix ͑G ͒ 1,N vanish and the determinantal condition ͑24͒ reduces to det(I + ͑G ͒ 1,1 ͑⌬ ͒ 1,1 ) = 0 and det(I + ͑G ͒ 1,1 ͑⌬ ͒ N,N ) = 0. In the case of symmetric surfaces ͑J 1 = J N and D 1 = D N ͒ both determinantal conditions reduce to Eq. ͑21͒ for the semi-infinite system and the surface modes are degenerate, as expected. Also, it is easily verified that the determinantal condition is invariant with respect to the interchange of exchange and anisotropy parameters at the surfaces ͑J 1 Û J N and D 1 Û D N ͒. Figure 7 shows numerical results for the S = 1 quasi-1D hexagonal compound RbFeCl 3 with ferromagnetic interplane and antiferromagnetic intraplane exchange which exhibits the 120°in-plane structure at T Ͻ 1.95 K. 27, 28 The approximate values of the exchange and anisotropy parameters are known from inelastic neutron scattering: J = 0.068 meV, JЈ = 0.488 meV, = Ј = −0.06, and D = 1.7 meV. The exchange and anisotropy parameters are assumed uniform throughout the thickness of the material. For these parameter values there is a single surface mode located just below the effective bulk continuum. The splitting of the surface branch from the bulk region can be enhanced with a small perturbation of the surface parameters. The quasi-one-dimensionality of RbFeCl 3 results in bulk spin-waves having a weak dependence on the in-plane wave vector k ʈ .
In Fig. 8 Another hexagonal system characterized with a strong ferromagnetic interlayer exchange and weak intralayer exchange is the S =1/2 compound CsCuCl 3 . 15 A model similar to the one used here has been previously employed to investigate the properties of spin waves in bulk CsCuCl 3 ͑Ref. 29͒ and the estimated parameter values are J = 1.0 meV; JЈ = 5.5 meV; = −0.054, Ј = 0.0. A weak DzyaloshinskyMoriya interaction which is believed to be responsible for the rotation of the triangular spin configuration between successive planes in CsCuCl 3 is neglected here. The terms in the equations of motion involving the single-ion anisotropy ͓see Eqs. ͑6͒ and ͑12͔͒ will vanish for CsCuCl 3 because p = 0 for S =1/2 systems. Numerical results for the spin-wave dispersion in a thin film of CsCuCl 3 composed of 7 layers are shown in Fig. 9 . The solid lines represents the results using uniform values of the exchange interaction throughout the thickness of the film whereas the dashed lines are the results using J 1 = J N = 0.5J. The gap in the spectrum at k ʈ = ͑4 /3,0͒ is due to the anisotropic exchange parameter . The quasi-1D character of the system is evident from the weak dependence of the spin-wave energies on the in-plane wave vector. As in the previous cases the splitting between the surface modes and the effective bulk region may be enhanced by allowing for modified values of the exchange coupling in the surface layer.
V. CONCLUSIONS
A method to obtain magnetic dispersion relations for surface and bulk spin waves in the stacked triangular antiferromagnet has been presented. The theory was developed for a semi-infinite system and generalized to the case of a thin film composed of a finite number of layers. The decoupling approximations used to linearized the equations of motion are valid in the low-temperature limit T Ӷ T N , and therefore the results are confined to this temperature regime. The calculations were carried out explicitly for the case of ferromagnetic coupling between interlayer nearest neighbors and the theory was applied to RbFeCl 3 and CsCuCl 3 . The influence of modified exchange and anisotropy parameters at the surface͑s͒ was investigated and it was found that surface spin waves can be well-separated in frequency from bulk spin waves with small differences between the surface parameters compared to the bulk values. At the present time we are not aware of any experimental studies concerning the magnetic properties of atoms located near the surface of frustrated magnetic materials. Appropriate experimental techniques to test the theoretical predictions described in this paper may include spin-polarized particles ͑such as SPEELS͒ and spinwave resonance. 6, 30 Inelastic light scattering may also be suitable to investigate the spin-wave modes near the zone center.
The formalism used here may be extended to investigate the spin-wave properties for the case of antiferromagnetic coupling between layers and applications can be made to a wide variety of frustrated triangular antiferromagnets. 15 For such systems, a six sublattice model may be employed and for the bulk spin waves 12 equations of motion are required to obtain a closed set. For thin films with antiferromagnetic interlayer coupling and ͑001͒ surfaces, the surface spin-wave modes are expected to show distinct features depending on whether the total number of layers is even or odd. The effect of the inequivalence between sublattices on the characteristics of surface spin waves has been investigated in simple cubic antiferromagnetic films with ͑111͒ surfaces 13 and metamagnetic thin films. characteristic properties of surface spin waves in ferromagnets and antiferromagnets depend strongly on the surface orientation. In frustrated materials the effect of surface orientation on the properties of surface spin waves may be even greater because of the quasi-one-and two-dimensionality observed in these systems. Another possible extension would be to carry out Green function calculations to extract the spin-spin correlations functions. This typically involves solving inhomogeneous matrix equations 9 as opposed to the operator equation of motion technique employed here which requires solving homogeneous equations. The correlation functions can be used to determine the dynamic magnetic response for a variety of frustrated magnetic materials and compared to experimental results. Future applications of these approaches will include thin films of stacked triangular magnetoelectric RMnO 3 compounds. 31, 32 
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